1.5 Tangent and Normal Lines

A. Lines
(Slope y-intercept Equation) The equation of a non
vertical line in slope y-intercept form is:

y=mx+b
where m is the slope of the line and b is the y-
intercept.

(Slope Formula) If two points B (x;,y,) and
P, (x,,y,)are given on the line, then the slope is
given by:

m= Yo~

X2 - xl
(Slope-Point Equation) If given the slope of the line
and a point P,(x;, ;) on the line, then the equation of
the line is given by:
Y=y =m(x—x)

B. Parallel and Perpendicular Lines
(Parallel Lines) The slopes of two parallel lines are
equal:

my =m;
(Perpendicular Lines) The slopes of two
perpendicular lines are negative reciprocal:

1
my=——- or
m;

mlmz :_1

C. Tangent Line
Consider a function y = f(x) and a point
P(a, f(a)) on its graph.
(Slope of Tangent Line) The slope of the tangent line
passing through the point P(a, f(a)) (called the point
of tangency) is given by:

i L) = [ (@)

x—>a xX—a

or:
flat+h) - f(a)
h

m = lim

h—0

(Equation of Tangent Line) The equation of tangent

line passing through the point P(a, f(a)) and having
the slope m is:

y=fl@)=m(x-a)

D. Normal Line
Consider a function y = f(x) and a point

P(a, f(a))on its graph.
(Normal Line) The normal line passing through the
point P(a, f(a)) is perpendicular on the tangent line

passing through the same point.
(Equation of the Normal Line) The equation of
normal line passing through the point

P(a, f(a)) where the slope of the tangent line is m is
given by:

) L
m

Practice Questions

A. Lines

1. Find the slope and the y-intercept for each of the
following lines.

a) y=3 b) y=—x+2

c) y=3x-2 d) 2x-3y+1=0

2. Find the slope and the y-intercept for the following
line:

o]
@

3. Find the equation of a line with a slope m =-3 that
passes through the point P(-2,5) .

B. Parallel and Perpendicular Lines
1. Find the equation of a line passing through the
point P(1,2) and perpendicular on the line y =-2x+3.

C. Tangent Line
1. For each function, calculate first the slope of the
tangent line with the formula:
i L= (@
x—a xXxX—a
then find the equation of the tangent line at the given
point.

a) f(x)=x"+x, at P(-1,0)

b) fx)=""1, at P(1,0)
x+1

c) f(x)= 22 : at P(-L1)
x°+1

d) f(x)=+x-1, at P(2)])

e) f(x)=x+x, at P(1,2)

f) fe)=¥x, at P(1,])
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g) f(x)=m,

2. For each case find the slope of the tangent line at
the general point P(a, f(a)) .

at P(0,1)

a) f(x)=x b) f(x)=x
c) f(x)=x>-2x+1 d) f(x):l
X
&) /(x)=— f f=vx
X"+
9 f@=Arer 0 )=
) Sy =2
x+2

3. Find the equation of the tangent line to y =x> that
is parallel to the line y=3x-2.

3 at which

4. Find the point(s) on the graph of y=x
the tangent line is perpendicular to the

line3x+36y=4.

5. Find the equation of the tangent line to y = x>
passing through the point P(0,—4).

D. Normal Line
1. For each function, calculate first the slope of the
tangent line with the formula:

T (AR ) RVAC)
h—0 h
then find the equation of the normal line at the given

point.

a) f(x)=x>—-2x, at P(0,-2)
b) f(x)=——r, at P(2,])
x—1
c) f()=—5—, at P(2,2/3)
2
d) f(x)=1-+x+1, at PG,-1)
e) f(x)=xvx, at P()
1
f = , t P(4,1
) f(x) 7o at P(4,])

C.Q. Challenge Questions

1. For each function, find the equation of tangent line
at the given point.

a) f(x)=sinx, at P(0,0)

b) f(x)=cosx, at P(z/2,0)

c) f(x)=tanx, at P(z/3,4/3)

d) f(x)=e*, at P(l,e)

e) f(x)=2", at P(2,4)

f) f(x)=Inx, at P(1,0)
9) f(x)=logx, at P(2,log2)

Answers

A1.a) m=0,y—int=3 b) m=-1,y—int=2

c) m=3,y—int=-2 d) m=2/3,y—int=1/3

A2. m=-2,y—int=4

A3. y=-3x-1

B1. y=(x+3)/2

Cl.a) m=-1, y=—x-1b) m=1/2, y=(x-1)/2
c)m=1, y=x+2d)ym=1/2, y=x/2
e)m=3/2, y=0Cx+1)/2 f)y m=1/3, y=(x+2)/3
g)m=-1/2, y=(-1/2)x+1

C2.a) 2a b) 3a® ¢) 2a-2 d) —1/4°

e) —2a/(a® +1)* f) 1/(2Ja) g) Qa+1)/(2Va® +a)
h) (=1/2)/(a+1)*"% i) 1/(a +2)*

C3. y=3x+2o0r y=3x-2

C4. (-2,-8) or (2,9)

C5. y=4x—-4 or y=—4x-4

D1.a) m=-2, y=(1/2)x-2 b) m=-1, y=x-1
c)m=-8/9, y=0©9/8)x-19/12 d) m=-1/4,
y=4x-13 e) m=3/2, y=(-2/3)x+5/3
fym=-1/4, y=4x-15

CQ1l.a) y=x b) y=—x+7/2 ) y=dx—47/3+3
d) y=exe) y=4In2)x—-8mn2+4f) y=x-1

g) y=(log2)(x/2)
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