1.3 Limits (1)

A. Piecewise-defined Functions
Let consider that f(x) is a piecewise-defined

function:

g(x), x<a
f(x)=4¢, x=a
h(x), x>a

Then:
lim f(x)= lim g(x)and lim f(x)= lim A(x)
x—a x—a x—a* x—a*
l—xz, x<0 . .

. Find 1i Of(x).

Vx+1, x>0 =

B. Algebraic Identities
The following algebraic identities may be useful to
find algebraically the limit of a function:

a’ —b*=(a-b)a+b)

a’-b*=(a-b)a® +ab+b?)

a’ +b° =(a+b)a® —ab+b?)

a* =b* =(a-b)a® +d’b+ab® +b%)

a"—b" =(a-b)a"" +a"*b+a" b + .. +b")

a" +b" =(a+b)a" —a"2b+a"b* —..b" ), nodd

Ex: f(x)={

C. Rational Functions

Consider a rational function in the form:

f(x)= %, O(x) # 0 where P(x) and Q(x) are
X

polynomial functions. If x = a is a common zero
of P(x) and O(x) then the limit lim f(x)leads to the
xX—>a

indeterminative % . This indeterminative may be

eliminated by dividing both P(x) and QO(x) by the
common factorx —a.

2
Ex: Find lim>——1 .

x—1 x—

D. Conjugate Radicals
In same cases, to eliminate an indeterminative of the

form %we multiply both the numerator and
denominator by a conjugate radical in order to cancel
out a common zero.

The conjugate radical of Ja —+bis vJa ++/b and

(a —b)a+b)=a-b
Jx -1

Ex: Find lim .

-1 x—

E. Change of Variable
A change of the independent variable might simplify
the process of evaluating limits.

By changing the independent variable we must
change accordingly the number x =a where we
calculate the limit.

Ex: Find lim Y21

x%l?{/;_l '

F. Squeeze Theorem

Let assume that g(x) < f(x) < h(x)

on an open interval containing the number x = ¢ and
lim g(x) =lim #(x) =L .Then: lim f(x)=L

xX—>a xX—>a xX—>a

Ex: Find limxsin(lj.

x—0 X
G. Fundamental Limits of Calculus
Calculus is based on 3 fundamental limits:
1. Power Functions (case% )

a —
i A0 1
x—0 X

VI+x -1
x

=a, aelk

Ex: Find lim

x—0

2. Exponential Functions (case 17)
1

lim(1+x)* =e
x—0
3
Ex: Find lim(1 + 2x)* .
x—0

3. Trigonometric Functions (case % )

. sinx
Iim——=1

x—0 Xx

Ex: lim sin(2x)
x—0 Sx
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A. Piecewise-defined Functions
1. Evaluate, if it exists.

a) lim|x—1]  b) lim ! o) lim =1
x—1 x>0 X -t 1—x
2 p—
d) limx|x|  e) lim>—L f) lim XD
x—0 x—1 | x—1 | x—0 X

2. The Heaviside function is defined by:

0 <0
H(t)_{l ift>0

Evaluate, if it exits:
a) lim H(r) b) lim H(r) c) limH()
x—0" x—0" x—0

3. Consider the function:
x+1 if x<-1

f(x)=1{x* if -1<x<1

\/; if x>1
Find the following limits, if they exit.
a) lim f(¢) b) lim 1'(¢) c) lim f'(¢)
x—>—1 x—0 x—1

4. Find ¢ such that the function:

f(x):{1+sinx if x<0

has a limit as x approaches 0.

c—cosx if x>0

5. Find a and b such that the function:
ate’ ifx<0
f)=1Jx ifo<x<l

b+Inx if x2>1

has a limit everywhere (at any number).

6. The function [x]is defined as the largest integer
that is less than or equal to x . Find, if it exists:

a) lim[x] b) lim [x] ¢) lim[x]
x—0" x—0* x—0

d) lim(x—[x]) e) lim x[x] f) limm
x—1 x—0 x=0 Xx

9) lim[x] nis an integer

h) lim [x] 7 is an integer

7. The sign function is defined by:

-1 ifx<0
sgn(x)=<0 if x=0
1 ifx>1

Find, if it exists:
a) lim sgn(x) b) lim sgn(x) ¢) limsgn(x)
x>0~ x—>0" x—0

d) limsgn(|x|) €) lim|sgn(x)| f) lim xsgn(x)
x—0 x—0 x—0

B. Algebraic Identities

C. Rational Functions

1. Evaluate.
2 _ 2 _
a) lim * 4 b) Tim > 2
x—>-2 x+2 -1 x-1
3 2 _
¢) lim == d) lim = —2¥=3
—2x% —4 =3 x? —4x+3
I 1
3 L2
e) lim 27 ) lim 22
>3 x+3 =2 x—=2
2 4
9) lim X2 —16 h) lim> 1
=2 x=2 PR |
R -1
i) lim G-x)"-B+x)
x—0 X
D. Conjugate Radicals
1. Evaluate.
a) lim——* o) lim Y =¥
X_’4\/;—2 -l x—1

BB

c) lim——*= d) li
)xl—% AM3—x -1 )[15)18 t
1/1 - 11
e) lim ¥ ) lim[ --j
-l x—1 >0\ ff14+¢

. . Al+x —Al—x
g) ImX2—2"¥27% ) fjm
x—0 X x>0 /2 4+ x —4/2 —x

i) lim Y%

x—1 1_\/;

E. Change of Variable

1. Evaluate.
_ 3/2
a) lim——% b) lim > =
x—8 {/; ) x—4 x—4

F. Squeeze Theorem

1, Letf(x):{

2 . . .
x° if xisrational . .

i/ . Find lim f(x) .
0 if xisirrational x>0

G. Fundamental Limits of Calculus

1. Find the following limits:
Y1+x -1 b) I Vi+x -31+x

a) lim

=031+ 2x —1 =0T+ x =31+ x
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2. Find the following limits:

1/x 1
a) nm[l”j b) lim(1+ x2)*
-0\ 1—x x—0
1
o) lim(1+[x])* d) lim 20X
x—0 x—0 X
e) lim 221“ ) lim 20 =39)
x>l x4 —1 x>0  2x
3. Find the following limits:
a) liml—cosx b) liml—cosx
x—0 X x—0 X
: 2
c) lim 20X d) tim 300
x—0 X x—0 tan” x

CQ. Challenge Questions
1. The Dirichlet function is defined by

f(x)={

Find, if it exists:
a) lim f(x) b) lim 7 (x)
x—1 X

1 if xis rational

0 if xisirrational

2. Find aand b such that lim Y% 2 =2 1.

x—0 X

3. If the following limit exists lim 3
=2 x"+x-2

find the value of ¢ and the value of the limit.

31’ p—
4. Evaluate limLxl.
x—0 X

5. Find the limits if they exist ([x] is the largest
integer that is less than or equal to x ).

a) lim x{l} b) lim x2|:l}
x>0 | x x—0 X
6. Let f(x)z;l/. Determine whether
1+27*
lim f(x) exists.
x—=0

7. Find the following limits:
1

a) lim i S3m al b) lim(cos x)E
x—0 X x—0
a _ B
¢) lim In C(;S x d) Tim (1+x) -1+ x)(s
=0y =0 (1+x)” —(1+x)

3xt+ax+a+3

A1.a) 0b) DNE c) -1 d) 0 e) DNE f) DNE
2.a)0b)1c)DNE

3.a)DNEDb)0c) 1

4.2

5.a=-1and b=1

6.a)-1b)0c)DNEd)DNE e)0f)DNE g) n—1h) n
7.a)-1b)1c)DNEd)1e)1f)0
C1.a)-4b)3c)3d)2e)27f)-1/49)8h)4/3i)2/9

D1.a)4 b)-1/2 ¢) 1/2 d) 1/(24/3) e) -1/2 f) -1/2

g) -1/43 h) ¥210)3
E1.a)12b) 3

F1.0

G1.a) 5/3b) 10/3 c)
2.a) ¢ b)1c)DNEd) 1e)1f)-3/2
3.a)0b)1/2c)1d) 1
CQ1. a) DNE b) DNE
.a=4and b=4
.a=15and L=-1
.1/3

.a)1b)0

. DNE

.a) 1/6 b) 1¢) 1/2 d)

=

a—
y—0

N oabhwWDN
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