
1.2 Limits (I) 
 
A. Overview 
(Limit) The concepts of limit is related to the 
behaviour of a function in the neighbourhood of 
a number

)(xf
ax = . 

Consider a function defined on a neighbourhood 
of the number

)(xf
ax = , eventually not defined at ax = . 

 
B. Definitions 
(Left-Hand Limit) If the values of can be made )(xf
arbitrarily close to L by taking x  sufficiently close to 
a with ax < , then 
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Lxf
ax

=
−→

)(lim  

Read: “the limit of the function as )(xf x  
approaches from the left equals a L ” 
Ex: 
 
(Right-Hand Limit) If the values of can be made )(xf
arbitrarily close to L by taking x  sufficiently close to 
a with ax > , then 

Lxf
ax

=
+→

)(lim  

Read: “the limit of the function as )(xf x  
approaches from the right equals a L ” 
Ex: 
 
(Limit) If the values of can be made arbitrarily )(xf
close to L by taking x sufficiently close to , then a

Lxf
ax

=
→

)(lim  

Read: “the limit of the function as )(xf x approaches 
a equals L ” 
Note that is equivalent to: Lxf

ax
=

→
)(lim

Lxfxf
axax

==
+− →→

)(lim)(lim  

(The limit exists if both left-hand and right-hand limits 
exist and are equal. Otherwise the limit Does Not 
Exist (DNE)). 
Ex: 
 
C. Numerical Approach 
(Technology) Technology (scientific or graphing 
calculators) can be used to analyse the behaviour of 
a function in the neighbourhood of a number ax = . 
In order to do that, create a table of values like the 
following: 
 

x  
approache
s from left 

)(xf  x  
approache
s from right 

)(xf  

1.0−a   1.0+a   
01.0−a   01.0+a   
001.0−a   001.0+a   

…  …  
a   a   

Then analyse the trend (limit) of the values in the 
columns to make estimations of the left-hand 

limit, right-hand limit and the limit of the function 
as 

)(xf

)(xf x approaches . a
Ex: 
 
D. Elementary Functions 
(Basic Functions) The following functions are called 
elementary: 
a) constant function ú  :,)( fcxf = }{c→
b) power functions 

• ù ú ú ∈= nxxf n ,)( :, f →

• ∈= n
x

xf n ,
1)( ù ú ú :, f →}0\{

• ∈== qandpxxxf q pq
p

,)( ø . The 
domain depends on the sign of 

0, >q
p and on the 

fact that is odd or even. q

• ú∈= αα ,)( xxf ),0[),0[:, ∞→∞f  

c) exponential function  1,0,)( ≠>= aaaxf x

d) logarithmic functions 1,0,log)( ≠>= aaxxf a  
e) trigonometric functions 

• ú  :sin),sin(x ]1,1[−→
• ú  :cos),cos(x ]1,1[−→
• ú:tan),tan(x 2/)12\( π+n → ú 

f) absolute value function ú:|,|)( fxxf = ),0[ ∞→  
 
(Substitution) In order to calculate the limit of a basic 
function at number  in the domain of the basic 
function use substitution: 

a

)()(lim afxf
ax

=
→

 

Ex: 
 
E. Limit Laws 
(Limits Laws) Functions can be combined arithmetic 
or by composition to create new functions. The 
following laws allow finding the limit for the new 
created functions: 
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Ex: 
 



B. Definitions 
For questions 1-3 use the function defined by 
the following graph: 

)(xf

 

 
 
1. Find the limit of the function as )(xf x  approaches 
from the left to:  

4)3)2)1)
0)1)2)3)

hgfe
dcba −−−

 

 
2. Find the limit of the function as )(xf x  approaches 
from the right to:  

4)3)2)1)
0)1)2)3)

hgfe
dcba −−−

 

 
3. Find the limit of the function as )(xf x  
approaches: 

4)3)2)1)
0)1)2)3)

hgfe
dcba −−−

 

 
4. The function defined by the following graph: )(xf
 

 
 
Find the limit of the function as)(xf x  approaches: 

4)3)2)1)
1)2)3)4)

hgfe
dcba −−−−

 

 
 

 
C. Numerical Approach 
1. Use the numerical approach to estimate the 
following limits. Identify the indeterminate for each 
case.  

a) 
1
1lim

2

1 −
−

→ x
x

x
 b) 

1
1lim

1 −
−

+→ x
x

x
 c) °

→
inx

x
x

x
,sinlim

0

  

d) 
20

cos1lim
x

x
x

−
→

 e) x
x

x
1

0
)1(lim +

→
 f) 

x
x

x

1)1ln(lim
0

−+
→

 

g) 
||/1||||

0 2
94lim

xxx

x ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +
→

   h)     i) x

x
x ||lim

0→ x

xx

x

23lim
0

−
→

 

 
D. Elementary Functions 
1. Evaluate the following limits. 
a)  b) 2  c) 3lim

2−→x 3
lim x
x −→

x
x 4
lim
→

 

d) 3
8

lim x
x −→

 e)  f)  x

x
2lim
1−→

x
x 24
loglim

→

g)  h)  i)  x
x

sinlim
6/π→

x
x

coslim
4/π−→

x
x

tanlim
3/π→

j)  )csc(seclim
3/

xx
x

−
→π

 
E. Limit Laws 
1. Evaluate the following limits. 

a)  b) )132(lim 23

1
−+−

−→
xxx

x 2
lim 3

2

2 −

+
→ x

xx
x

 

c)  d) )log3(lim 2
2

3

2
xxx

x
+−

→ 1cos
sinlim

3/ −→ x
x

x π
 

 
e) x

x
sinlim

2/π→
   f)   x

x

cos2lim
π→

g) xx
x

+
→

2

0
coslim   h) 

x
x

x −
+

−→

2lnlim
1

 

 
CQ. Challenge Questions 
1. Use the numerical approach to estimate the 
following limits. Identify the indeterminate for each 
case.  
a)   b)   xx

x
lnlim

0+→

x

x
x

+→0
lim

c)   d)  x

x
e /1
0

lim
→

x

x
x)ln(lim

0
−

+→

 
Answers 
B1. a) DNE b) 1 c) 2 d) -1 e) 3 f) 2 g) 1 h) 2 
2. a) 3 b) 1 c) -1 d) 3 e) 3 f) 2 g) 1 h) DNE 
3. a) DNE b) 1 c) DNE d) DNE e) 3 f) 2 g) 1 h) DNE 
4. a) DNE b) 1 c) DNE d) 1 e) 3 f) DNE g) 1 h) DNE 
C1. a) 2 b) 1/2 c) 0.0174 d) 1/2 e)  f) 1 g) 6 h) 1 i) 
0.405 

e

D1. a) 3 b) 9 c) 2 d) -2 e) 1/2 f) 2 g) 1/2 h) 2/2  
i) 3  j) 3/22 −  

E1. a) -7 b) 1 c) 3 d) 3−  e) 1 f) 1/2 g) 1 h) 0 
CQ1. a) 0 b) 1 c) DNE d) 1 

MCV4U | Limits | 1.2 Limits (I) 
© 2009 Teodoru Gugoiu | Page 2 of 2 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


