3.1 Increasing and Decreasing Functions

A. Increasing and Decreasing Functions
(Informal Definitions) A function is increasing if its
graph is rising as you scan it from left to right. A
function is decreasing if its graph is falling as you
scan it from left to right.

(Increasing Function) A function f is increasing on
the interval (a,b) if f(x)< f(x,) whenever x; <x,
in the interval (a,b) .

(Decreasing Function) A function f is decreasing on
the interval (a,b) if f(x;)> f(x,) whenever x, <x,
in the interval (a,b) .

(Constant Function) A function f is constant on the
interval (a,b) if f(x;)=f(x,) forevery x, and x, in
the interval (a,b) .

(Test for Intervals of Increase/Decrease) Let f be a
differentiable function on (a,b) . Then:

If f'(x)>0forall xe(a,b),then f isincreasing on
(a,b) (on [a,b]if fis continuous on [a,b])

If f/'(x)<0forall xe(a,b),then f is decreasing on
(a,b) (on [a,b]if fis continuous on [a,b])

If f'(x)=0forall xe(a,b),then f is constanton
(a,b) (on [a,b]if fis continuous on [a,b])

(Sign Chart) When sketching the graph of a function
is useful to develop the sign chart for the function
and its derivative as presented below.
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B. Challenge Theorems

(Rolle’s Theorem) Suppose that the function f is
continuous on [a,b] and differentiable on (a,b) . If
f(a)=0= f(b), then there exists some number
ce(a,b)suchthat f'(c)=0.

(Mean Value Theorem) Suppose that the function f
is continuous on [a,b] and differentiable on (a,b) .
Then there exists some number ¢ € (a,b) such that

J®b)=fla)=(b-a)f'(c).

Practice Questions
A. Increasing and Decreasing Functions

1. For each case, use the first derivative sign to find
the intervals of increase or decrease.

a) f(x)=5 b) f(x)=x  ¢) f(x)=x"
d) f=x"  e) fm=x" ) f(x) =§
9 /W= /W=7 ) /0=

D= 0= )@y

2. For each case, use the first derivative sign to find
the intervals of increase or decrease.

a) f(x)=sinx b) f(x)=cosx ¢) f(x)=tanx
d) f(x)=¢" e) f(x)=10" f) f(x)=0.5"
9) f®=Inx h) f(x)=logx i) f(x)=Ingsx

3. For each case, use the first derivative sign to find
the intervals of increase or decrease.

a) f(x)=x>—2x b) f(x)=——
x_
c) f()=— d) f(x)=vx(x-1)
x°+1
e) f(x):x+l f) f(x)=24x-1-x
X
2
9) (=21 hy £ =32 -1
x°+1
4. Find the intervals of increase or decrease.
a) f(x)=xlnx b) f() = -
c) f(x)zli d) f(x) = xe*
nx
e) f(x)=xe ™ f) f(x)=x+sinx
g) f(x)=x*+cosx h) f(x)=Inx?
i) /()= (":” ) f)=x?Inx

Challenge Questions

1. For each case, use the first derivative sign to find
the intervals of increase or decrease.

a) f(x)=2x"+3x> —12x+1  b) f()=x"(x+1)’
c) f(x)=3x" =25x> +60x-5 d) f(x)=

x? -4
e) f(x)=2x -3x f) f(x)=3x—1(x+1)?
9) f(x)=x*(x-1* h) f(0)=x* -1]
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i) f()=lx+1]|x-2]

2. Use the sign chart to sketch the graph for each
function.

a) f(x)=x> —6x> +9x+2
b) f(x)=0Gx* —4x® —-12x* +5)/5

3. Where is the function
y=12x> +15x* = 20x* + 27 decreasing?

4. Analyse the increase/decrease intervals for the
functions:

3
x>, x<l1
a x)=
) /@ {(1/2)x+2, x21
1/2)x+2, x<l1
b) f(x)=1 ,
x7, x2>1
Answers

A1.a) f is constant

b) increase on (—w,®)

c) decrease on (—«,0), increase on (0, )

d) increase on (-0, )

e) decrease on (—«,0), increase on (0,0)

f) decrease on (—,0) or (0,)

g) increase on (—,0) , decrease on (0, )

h) decrease on (—,0) or (0,)

i) decrease on (0, )

j) increase on (-, ®)

k) decrease on (0, )

[) decrease on (—x,0) or (0,)

2. a)increase on 2nzr —x/22n7w —x/2)and
decrease on 2nz+ 7 /22nz +37/2) where n is
integer

b) increase on (2nz — z,2nx + z) and decrease on
(2nrz2n7m + ) where n is integer

c) increase on 2nzx —7/2,2nm —m/2)o0r
QCnr+r/22n7+37x/2) where n is integer

d) increase on (—o0, )

e) increase on (—©, )

f) decrease on (—o0, )

g) increase on (0, )

h) increase on (0, )

i) decrease on (0, )

3. a) decrease on (—x,1), increase on (1,o)

b) decrease on (—x,1) or (1,0)

c) decrease on (—w,—1) or (1,), increase on (-1,1)
d) decrease on (0,1/3), increase on (1/3,)
€) ) increase on (—w,—1) or (1,), decrease on
(-1,0) or (0,1)

f) ) increase on (1,2), decrease on (2,%)

g) decrease on (—x,0), increase on (0,)

h) decrease on (—x,0), increase on (0,)

4. a) decrease on (0,1/¢), increase on (1/e,)
b) increase on (0,¢) , decrease on (e,)

c) increase on (0,1) or (e,»), decrease on (l,¢)
d) decrease on (—w,—1), increase on (—1,%)

e) increase on (—,1), decrease on (1,)

f) increase on (—x, )

g) decrease on (—,0), increase on (0,%)

h) decrease on (—x,0), increase on (0,%)

i) decrease on (—w,—1) or (I,), increase on (—1,1)
j) decrease on (0,1/\/2), increase on (1/&,00)

CQ1. a) increase on (—x,-2) or (1,20), decrease on
(=21

b) decrease on (—«,—-1) or (-1/2,0),

increase on (—1,—1/2) or (0,x)

c) increase on (—,-2) or (-L1)or (2,x),
decrease on (-2,-1)or (1,2)

d) increase on (—0,-2) or (=2,0)

decrease on (0,1)or (2,»)

e) decrease on (0,1), increase on (1,%)

f) increase on (—w,—1) or (5/7,%), decrease on
(-1,5/7)

g) increase on (-x,3/7) or (1,), decrease on
(3/7))

h) decrease on (—wo,—1) or (0,1), increase on
(-1,0) or (1,)

i) decrease on (—o,—1) or (1/2,2), increase on
(=1,1/2)or (2,%)

2. See the graphs below.
a)

MCV4U | Curve Sketching | 3.1 Increasing and Decreasing Functions
© 2009 Teodoru Gugoiu | Page 2 of 3



|
J L ———t— |

| I
P

b)
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4. a) increase on (—0,o)
b) increase on (—o,1) or (1,0)

N [—1—\/3 —1+\/§J
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