2.5 Chain Rule

A. Chain Rule

(Chain Rule) If g is differentiable at x and f is
differentiable at g(x), then the composition
(f o 2)(x)= f(g(x)) is differentiable at x and

(f e g)(x)=f"(g(x)g'(x) (1)

If u=g(x) and y= f(u)then

LD ()
x  du dx
or
d d d
Ef(g(x))—af(u)ag(x)
or
d oo du
E[f(u)]—f(u) e (3)
or in words:

“The derivative of f(u) is the derivative of the

outside function evaluated at the inside function
times the derivative of the inside function”.

B. Generalized Differentiation Rules
(Argument is a Function) By replacing the argument
x by f(x) and by using the chain rule, we get

generalized differentiation rules:
(S )" T=n(f ()" (%)
[sin f(x)]'= cos(f(x)) f"(x)
[cos f(x)]'=—sin f(x) f"(x)
[ef(x)]-: ef(x)f' (x) (4)

S
1
[In f(x)]'= 70

[/ @]=a’® (Ina) £ (x)

™)
[log, f(X)]'= a)/ @)

Practice Questions

A. Chain Rule

dy dy du

1. For each case, use — to find the

N du dx

derivative of y= f(g(x)).
a) y=u’, u=2x-1
b)y=\/;, u=x>+1

1
C) y=u+—, u=x+x°

Nu
d) y=u+u?, u=x+l
x

e) y:u+\/;, u=x+x
f) y:%, u=1+x+x>

dy dy du

2. For each case, use — to find the

i du dx
derivative of y= f(g(x)).

a) y=sinu, u=x"

b) y=cosu, u=2x+3
c) y=Inu, u=x*+1
d) y u=x>

e) y=logu, u= Jx

f) y=2", u=2x>

g) y=tanu, u=x+l
x—1

3. Use L - du
dx x=a du u=g(x) dx x=a

to find % at the given value of x.
X

a) y=2u’—u’, u=x—+x, x=4
x+1
2x+1°

c) y:u+2, u=3x—\/;, x=4
u

b) y=vl+u?, u= x=1

4.Use (f<g)(a)=f'(g(a)g'(a) tofind (fg) at
the given point.

a) x=0, g0)=1, g'(O=-2, /")=3

a)x=1, g0)=0, g'()=3, ['(0)=-4

B. Generalized Differentiation Rules

1. Use the generalized differentiation rules to find the
derivative of each function.

a) y=(1+x+x2)"° b) y=(x+x)’

c) y=vx? - 2x d)y:\1x+\/;

2. Use the generalized differentiation rules to find the
derivative of each function.

a y=sin\/; b) y= Jeosx
c) yzln\/; d) y=m
€) y=sin(cosx) f) yzm

g) yZCOS({/;) h) y =log(sinx)
i) y=3"" ) y=log;Vx

k) y= sin(l] ) y= cos(izj
x X
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3. Find the equation of the tangent line to each graph
at the given point.

a) y=vx?+16 at (3,5)

b) y=—x at (0,0)
\/1+x2
2
x 1
c) y= at(l,—j
7 x2+1 2
Jx-1 ( 1}
d) y= at | 2,—
x2+1 5
e) y= x| at (1,1)
Z—x2

4. 1If f(x)=1+x, g(x):%, h(x) =+1+x,
+x

determine the derivative of each composition.

a) fegeh b) gehof

C) gog C) hoh

5. For each case, find the intervals where the
function is increasing or decreasing.

a) f(x)=(1-x*) b) f(x) =x(1 —x?)’
1

c) f()=——5 d) f(x)=

/ 1+ x? )2 4 1+ x?

6. Find all points on the graph of the function

y=2sinx +sin? x at which the tangent line is

horizontal.

7. Find all points on the graph of the function
y =sin2x — 2sin x at which the tangent line is

horizontal.

Challenge Questions
1. Differentiate.

a) y=(1-2x)"(x=3x?)’ b) y= (1(—:;2)6) )

c) y=[(x*-1)" +x7] d) yovrtxivr

e)y=F f = 21 -ax? -1

(x=1) X +1+ﬁ
9)y=3'1_x2
1-x

2. Differentiate.
a) y=x’ sin[lj
X

b) y =In(sin(e™))

a) y= sin(cos()c2 )

y =sin(In \/e_x )

1
d) y= ln(sin(e; ) e) y=x tan(l)
x

3. Find the values of x where the tangent line to the
curve y=xv1-x? is either horizontal or vertical.

4. Analyse the continuity and differentiability at
x=0for:

xsm( jzfx;tO
0if x=0

xzsm[ jlfx;tO

0if x=0
5. Let f be a differentiable function. Use the chain
rule to show that:
a)if f is even, then f'is odd
b)if f isodd, then /' is even

a) f(x)=

b) f(x) =

6. Use the chain rule to show thatif fand g are
inverse functions, then:

/() =—— ,() g'(x)#0

7. Use the previous result to find the derivative of
arcsin(x) and arccos(x) .

8. Find a formula similar to (1) for the derivative of
the composition fogoh.

9. Given h(1)=0, I'(1)=-1, g(0)=2, g'(0)=3,
f(2)=-3, ['(2)=4find (feogoh)().

10.If y=f(u), u=g(),and v="h(x), find a formula
dy

for — similar to (2).
dx
2 v+1 2 .
M. fy=4u"-2u, u= ,and v=+x~ -3, find
v2+1

the value of Q

xx:2
Answers
Al.a) y'=102x—1)* b) y'=—2
x2+1
1
c) y'=|1- - |1+2x)
24x +x2

1+2x

R+ x+x2)?

f) y'=
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2.a) y'=(2x)cos(x?)  b) y'=-2sin(2x +3)

) y=—2" 6) y'=2xe”
x°+1
1 2x?
e) y)=——=—— f) y'=(4xIn2)2
21n10+/x logv/x
-2
9) y'= x+1
(x—l)2 cosz(j
x—1

3.a) -1 b) (-2/9)/4/13 c) 11/8
4.2a) (f2g)'(0)==6 b) (fog)(1)=-12
B1.a) y=10(1+x+x%)°(1+2x)

x—1

b) y=7(x+4x)°(1+1/(2Vx)) ) y=

4 y:1+1/(2&) o) v~ 45>
5 ’x-{-\/; 3(1_x4)4/3
\/; —sin x
2.a) y=2 b) y=
7 2\/; 2+4/cos x
1 1+e*
c) y=— d) y=—ns

2x 2Vx+e”

1

e) y=(-—sinx)cos(cosx) f) y=

2x/Inx
9) :—sin({/;) hy y=— 0S¥
g 32 Y n10)sin x
i 1
i — 1 3 3smx H —
) ¥ = (In3)(cosx) 0y 2In2)x

-1 1 2 ). (1
k) y:(x—z]cos(;J D) y=(x—3jsm(x—2]
3.a) y=(3x-16)/5b) y=x ¢c) y=x/2
d) y=(-3x+16)/50 e) y=2x+1

-1
4. ogoh)(x)=
A S N ST
b oho f)(x)=——0
) (gehe /(=
. _ 1
c) (g°g) (x)_(2+x)2

1
AT+ x1+1+x
5.a) f(x)=—4x(1-x?), fisincreasing on
(-1,0) u (1,0) and decreasing on (—oo,—1) U (0,1)
b) f'(x)=(1-x*)*(1-7x%), fisincreasing on
(—l/ﬁ,l/ﬁ) and decreasing on
(—o0,—1) U (=1,=1/4/7T) U (1/47,1) U (1, 0)

—4x
c) fl(x)=——F—F,
decreasing if x>0

d) (heh)(x)=

fis increasing if x<0and

Vx? = 2x

2
- X

1
(1+x%)? ’
decreasing on (—w0,—1) U (1,0)

6. (#/2+2nr3) and (37/2+2nx,—1)where nis an
integer

7. (z/3+2n7,—/3/2) and (57/3+ 2nz,+/3/2) where
nis an integer

d) /'(x) =

f is increasing on (-1,1)and

CQ1.a) y=x*(1-2x)?(1-3x)*(78x* — 46x +5)
_2(6x —1)(1—x +2x7)
(1-2x%)*
c) y'=4x[(x* -1)° +x?][B3(x* -1)? +1]
1

2/x )

14+ =Y |

d) yio 2x++/x &) ' S
2\[x+\/x+x/; X+ !

b) »'

1+

(x=1)°
—4x

f) y'=

Va2 4132 —1(\/)62 144 -1)°
q) y'= —x? +4x-3

671 —x(1—x2)*3

> . (1 1
2.a) y'=3x sm(—j - xcos(—j
x X

b) y'=-2x sin(x2 ) cos(cos(x2 )

e* cos(e™) 1 (XJ
c) yy=—"+7 d =—Cos| —
)y sin(e™) )y 2 2

1

—ex 1 1 1
&) y=—2% tar{e*} f y‘=tar{—j——

x e}

xcos”| —
X
1-2x7

3. , horizontal tangents at J_rl/\/E,

y =
Vi-x2
vertical, vertical tangents at +1
4.3a) f'(x)= sin(l] —lcos(l] , x# 0, continuous
X X X
and not differentiable at x=0

b) f'(x)=2x sin(lJ - cos(lj , x# 0, continuous and
X X
not differentiable at x=0
-1

1
V- x2 , V1— x2
8. (fogoh)(x)=r"(g(h(x))g'(h(x)A'(x) 9.
(fegeoh))=f"(gh()g' (D' 1) =HEB)(-1)=-12
jo. & _dvdudy

“dx  dudvdx
11. -6

7. arcsin'(x) =

arccos'(x) =
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