Calculus and Vectors — How to get an A+

9.5 Distance from a Point to a Line

A Distance from a Point to a Line in R?
Let L:Ax+By+C=0bealinein R? P(x,y,) bea

generic point on the xy-plane and Fy(x,,y,)be a
specific point on this line, so: Ax, + By, +C =0.
The distance d between the point B (x;,y,) to the
line Lis given by (scalar projection of PO_P{ onto the
normal vector 7 ):

Using 7i=(4,B), ||7i||=V4* + B* and:

ByR -n=(x; —xg, =) (4,B)

= A(x; —x)+ B(y; — ) = 4x; + By, — Ax; — By,

=Ax; + By, +C

the formula (1) may be written as:
d:|Ax1+BJ’1+C| )

vA? +B?

Ex 1. Find the distance between the point B (3,-1) and the
line L:2x+3y+6=0.

Method #1 is based on formula (1).
If x=0 then y=-2.So F(0,-2)eL.

RF =(3,-1)-(0-2)=(3,)
ii =(-2,3)
_|RP | _|-6+3|_ 3
17l va+9 13
Method #2 is based on formula (2).
| Ax; + By, +C|  |-203)+3(-)+6] 3
d = = =
V4% +B? NESEEETEE)

B Distance from a Point to a Line in R®
Let L:7=F,+ti, teRbe aline defined by its

vector equation and Py(x,,y,,z,) be a specific point
on this line.

B(x,1,21) —
P,

-
_——

Fy(x05¥0,20)

The distance d from a point B (x,;,y;,z;)to the line

L may be found using:
d=|RP | sina  (3)

Because || P, xii ||| B2, ||||ii || sine , the formula

(3) may be written as:

Note. The formula (4) may be applied also in R? by
considering the third component z=0.

Ex 2. For each case, find the distance from the given point
to the given line.

a) L:7=(0,2)+4(~-1,2,0), teR; P(12-1)

B(0L2), R(2-1)= A =(1-3)

ij ok i
PPxi=1 1 =31 l=(6,3,3)
-1 2
I BP x| \/36+9+ \/7
S El Viv4
x=-1+2¢t
b) L:qy=-3t , teR; 0(0,0,0)
z=2
Py(=1,0,2), 0(0,0,0)= PO =(1,0,-2); ii=(2,-3,0)
i ki
BOxii=1 0 -2 1 0 =(-6-4,-3)
2 =30 2 -3
_naixﬁn_4553€:§_J§§
@l Jare o Vi3
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C Distance between two Parallel Lines

To find the distance between two parallel lines:
a) Find a specific point on one of these lines.

b) Find the distance from that specific point to the
other line using one of the relations above.

Ex 3. Find the distance between the parallel lines:
L :2x-3y+6=0and L, :—-4x+6y-3=0.

P(02)el,
Ay Byl |40 +6(2)-3] 9
V4% +B? Jeaorrer 52

D Perpendicular Line from a Point to a Line

Let L:7=r,+tu, te<RDbe aline defined by its
vector equation and P(x,y,z) be a generic point in
R,

The line perpendicular to the line L that passes
through the point P is called the perpendicular line
and intersects the line L at a point F called the foot
of the perpendicular line.

N P(x,7,2)

X
PF > u
//// F\\
-~ \
k// ¥ LL
The foot F' of the perpendicular line may be found
from the equation (because PF Li ):
PF-ii=0
A vector equation of the perpendicular line is:
F=0P+ sﬁ’, seR

& L

Ex 4. Consider the line L:7=(-23,1)+¢(1,-3,2), teR
and the point P(3,-4,2).

a) Find the foot F of the perpendicular line L, from the
point P totheline L.

P(3,-4,2); u=(1,-3,2)

F(-2+t3-3t1+2¢)

PF = (=5+1,7—3t,—1+2¢)
PF-ii=0=>—5+¢-3(7=3t)+2(=1+2£) =0
—5+¢t-21+9-24+4t=0=>14t=28=¢=2
F(-2+2,3-3(2),1+2(2))=.. F(0,-3,5)

b) Find the equation of the perpendicular line L, from the
point P totheline L.

PF =(0,-3,5)— (3,-4,2) = (-3,1,3)

L P =(3,-42)+5(-313), seR

c¢) Find the distance from the point P to the line L.

.d=| PF|=A9+1+9 =419

E Shortest Distance between two Skew Lines
Two skew lines lie into two parallel planes. The
vector u, xu, is perpendicular to both lines and
therefore perpendicular to parallel plane the lines lie
on. See the diagram below:

A
Uy Xl
o U L
M il

o1 ~ T d
&% MZ‘ - LZ

By N
The shortest distance between two skew lines
L:F=ry+tu, teR and L, :F=ry, +su,, SER s

given by the scalar projection of the vector
¥y, — Typ ONtO the vector i xu, :
_ 1o =) - (uy Xty ) |
[l 4y 1y ||

Ex 5. Find the shortest distance between the lines
L :7=(2,0,0)+1(11,0), teR and
L,:7=(1LD)+s5(0,-1,2), seR.

71 =(2,0,0), 7 =LY =7y —Fp =(1,-1-1)
i ok i
Uy Xy =1 1 0 1 1 =(2,-2,-1)
0 -12 0 -1
g2\ =) (@ i) | _ | (1-1-1)(2,-2,-D)|
2ty <ty || Ja+4+1
124241 5
o3

d=2
3

Reading: Nelson Textbook, Pages 534-539

Homework: Nelson Textbook: Page 540 #1a, 2a, 3a, 5abc, 6a, 7a, 8, 10
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